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Normative systems or social laws 1 have been studied in the multi-agent systems community as a framework for coordinating players [7,3,2,4,8]. The idea
is that given a Kripke structure (which is simply a directed graph, sometimes
labelled with extra elements, such as players), we list the edges that are blacklisted, i.e. deemed illegal by the system designer. The set of these edges is called
a normative system or social law.
One of the key problems in the literature is that of compliance with a given
social law. Ågotnes et al. [3] presented a logical approach to the problem by
designing a logic of norm compliance which allows to reason about agents’ goal
achieving capabilities depending on whether they comply with given laws or not.
Here we present a new approach where agents are presented with a cooperative game in which successful coalitions are those that comply with the norm,
and those not complying are punished (by means of null payoffs). We adapt
a specific type of non-transferable utility game called Qualitative Coalitional
Game to model compliance game scenarios, and we show how known decision
problems for this class of games can be used to reason about compliance.
We begin by concisely presenting all the formal background for our work.
First we describe the logical framework for Social Laws, which is based on Kripke
semantics for modal logics. Following Ågotnes et al. [3], we define our models as
agent-labelled Kripke structures in the following way:
Definition 0.1 (Agent-labelled Kripke Structure). An agent-labelled Kripke
structure (henceforth referred to simply as structure) K is a tuple hS, R, V, Φ, A, αi
where:
– S is the non-empty, finite set of states,
– R ⊆ S × S is the total2 relation between elements of S that captures transitions between states,
– Φ is a non-empty, finite set of propositional symbols,
– V : S → 2Φ is a labelling function which assigns propositions to states in
which they are satisfied,
1

2

In the multi-agent systems literature normative systems and social laws stand for
the same. However, in this paper we will always use the notion of a social law, since
calling our restrictions “normative systems” can perhaps be confusing for readers
with a background in deontic logic.
That is, ∀s∃t (s, t) ∈ R. This kind of relation is also sometimes called serial.
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– A is a non-empty finite set of agents, and
– α : R → A a function that labels edges with agents.
A path π over a relation R is an infinite sequence of states s0 , s1 , s2 , . . . such
that ∀u ∈ N : (su , su+1 ) ∈ R. π[0] denotes the first element of the sequence, π[1]
the second, and so on. An s-path is a path π such that π[0] = s. ΠR (s) is the
set of s-paths over R, and we write Π(s), if R is clear from the context.
Objectives are specified using the language of Computation Tree Logic (ctl),
a popular branching-time temporal logic. We use an adequate fragment of the
language defined by the following grammar:
ϕ ::= > | p | ¬ϕ | ϕ ∨ ϕ | E

ϕ | E(ϕUϕ) | A(ϕUϕ)

where p is a propositional symbol. The standard derived propositional connectives are used, in addition to standard derived ctl connectives such as A ϕ
for ¬E ¬ϕ (see [6] for details). Satisfaction of a formula ϕ in a state s of a
structure K, K, s |= ϕ, is defined as follows:
K, s |= >;
K, s |= p iff p ∈ V (s);
K, s |= ¬ϕ iff not K, s |= ϕ;
K, s |= ϕ ∨ ψ iff K, s |= ϕ or K, s |= ψ;
K, s |= E ϕ iff ∃π ∈ Π(s) : K, π[1] |= ϕ;
K, s |= E(ϕUψ) iff ∃π ∈ Π(s), ∃u ∈ N, s.t. K, π[u] |= ψ
and ∀v, (0 ≤ v < u) : K, π[v] |= ϕ;
K, s |= A(ϕUψ) iff ∀π ∈ Π(s), ∃u ∈ N, s.t. K, π[u] |= ψ
and ∀v, (0 ≤ v < u) : K, π[v] |= ϕ.
A social law η ⊆ R is a set of black-listed (“illegal”) transitions, such that
R \ η remains total.3 A set of all social laws over R is denoted as N (R). We say
that K † η is a structure with a social law η implemented on it, i.e. for K =
hS, R, Φ, V, A, αi and η, K † η = K 0 iff K 0 = hS, R0 , Φ, V, A, α0 i with R0 = R \ η
and:
(
α0 (s, s0 )
if (s, s0 ) ∈ R0
α0 (s, s0 ) =
undefined otherwise
Also, η  C = {(v, v 0 )|(v, v 0 ) ∈ η & α(v, v 0 ) ∈ C} for any C ⊆ A – that is to
account for agents that do not necessarily comply with the social law (i.e. we
can consider situation in which only those edges that are “owned” by members
of C are blacklisted).
Example 0.1. We introduce a running example that illustrates modeling a very
simple Kripke structure.
Figure 1 presents and example Kripke structure with:
3

This is a so-called “reasonableness” constraint – we do not want social laws implementation of which results in systems with dead-end states.
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Fig. 1. Simple Kripke structure example.

–
–
–
–
–
–

S = {s0 , s1 , s2 , s3 , s4 , s5 , s6 , s7 },
R = {(s0 , s0 ), (s0 , s1 ), (s1 , s2 ), (s2 , s7 ), . . .},
Φ = {p, q},
V (s0 ) = {p}, V (s1 ) = {p}, . . . , V (s7 ) = {p, q},
A = {a, b, c},
α(s0 , s1 ) = α(s0 , s3 ) = {a},
α(s1 , s2 ) = α(s3 , s4 ) = α(s0 , s5 ) = α(s2 , s7 ) = {b},
α(s4 , s7 ) = α(s5 , s6 ) = α(s6 , s7 ) = {c}.
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Fig. 2. Kripke structure with a social law implemented on it.

Figure 2 presents the same structure, but with a social law η = {(s1 , s2 ), (s5 , s6 )}
implemented on it.
For the purpose of modelling compliance games we employ a formalism known
as Qualitative Coalitional Games [9]. These are non-transferable utility cooperative games, which are particularly suitable for modelling goal-based scenarios.
They are called “qualitative” because in contrast to most cooperative games,
where a characteristic function assigns a numeric value (usually a real number)
to each coalition, these games’ characteristic functions assign a “good” or “bad”
value to coalitions. Formal definitions follow below:
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Definition 0.2 (Qualitative Coalitional Game). A Qualitative Coalitional
Game (abbreviated qcg) Γ is given by a tuple Γ = hA, Θ, Θ1 , . . . , Θn , νi, where
A is a finite set of players, Θ = {θ1 , . . . , θm } is a set of goals, Θi ⊆ Θ is a set
Θ
of goals per player, and ν : 2A → 22 is a characteristic function of the game,
assigning to each coalition C ⊆ A a set of goals this coalition can achieve.
We now use the above definition to formulate a particular kind of cooperative
game, where agents are “rewarded” for complying to a social law (the characteristic function of the game pays coalitions whose members achieve at least one
of their respective goals).
Definition 0.3 (Compliance Game). A compliance game (abbreviated cg) is
a qcg Γ = hA, Θ, Θ1 , . . . , Θn , νi induced by a Kripke structure K = hS, R, Φ, V, A, αi
and defined as follows:
– A is the set of players from K,
– Θ = {ϕ1 , . . . , ϕm } is a set of goal formulas expressed in the language of
ctl, (
)
n
o
S
– ν(C) =
i∈C ϕi ∈ Θi K † (η  C) |= ϕi
Example 0.2. Take a look at Figure 1 first. It is implicitly a Kripke structure
with an empty social law implemented on it (all transitions are legal), and then
we could formulate the following cg based on it:
– Θ = {ϕ1 , ϕ2 },
– Θa = Θb = {ϕ1 }, Θc = {ϕ2 }.
where ϕ1 = E♦p and ϕ2 = E♦q.4 In the structure from Figure 1, the following
coalition are successful: {a, b}, {b, c}, {a, b, c}. However, in a structure presented
in Figure 2, only the grand coalition is successful.
We now make some observations about what the power of Qualitative Coalitional Games can bring to the area of social laws. This is mostly based on
the study of fourteen intuitive decision problems for those games studied by
Wooldridge & Dunne [9], and the natural problems when reasoning about social
laws are taken from the work of Ågotnes et al., especially [3].
The first problem is that of C-sufficiency – namely checking whether given
a Kripke structure K, a social law η and a goal formula ϕ, a coalition C of
agents in K are sufficient for achieving ϕ under η. Deciding C-sufficiency is
proved to be co-NP-complete [3]. We can make an observation that given the
framework defined as above, C-sufficiency can be represented as an instance of
a game-theoretic decision problem known as successful coalition (sc) or selfish
successful coalition (ssc). sc asks whether given a particular qcg and some
coalition, is there a feasible choice available such that it will satisfy all members
4

E♦ ≡ E(>Uϕ), a standard abbreviation in ctl to denote the “at some point in the
future” modality.
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of said coalition. The problem of ssc is then to answer the question of whether
it is the case that a coalition in question has a feasible choice that will satisfy a
given agent only if he is part of this coalition. These two problems answer more
general questions than C-sufficiency, but capture similar intuitions. Also, these
two problems are shown to be NP-complete [9].
The second important problem is C-necessity, which, similarly to C-sufficiency,
asks whether a given coalition is necessary to achieve a given goal under certain
restrictions implemented upon a structure. This problem is also co-NP-complete
[3], and it corresponds directly to the game-theoretic problem of finding a minimal coalition (mc), which happens to be co-NP-complete [9] as well.
We do not address problems of C-sufficient feasibility (checking whether
there is a social law such that a given coalition C will be sufficient when this
system is implemented) and k-robustness (checking whether a given social law
is effective as long as number k of agents complies with it), but we can exploit
game-theoretic nature of our formulation of social law compliance problems.
Given the framework of qcgs we can answer many decision problems that are
very interesting from the point of view of a social law designer. One of such
problems is core membership and core non-emptiness – checking whether there
are such outcomes of the game in which agents have no incentive to abandon
a certain coalition structure. Knowing one has a non-empty core can be very
useful, because then the system designer knows that a set of stable coalitions
will emerge. And even if it does not, game theory literature offers some solutions
to ensure a non-empty core, such as cost of stability [5] (paying subsidies to
agents such that they remain in a coalition). Furthermore, with a game-theoretic
framework defined as above, we can formulate questions about the nature of
the game itself: e.g. is it trivial (every coalition is successful) or empty (every
coalition fails)?, and about the nature of goals: are they realizable, are some of
them necessary?
Finally, we are able to address one other problem mentioned in the literature,
namely finding “influential” players and measuring their power by means of
computing the Banzhaf index and Banzhaf measure, as it is done in [1].
In conclusion, we claim that the framework presented above is more powerful,
more flexible, and more appropriate for the study of social laws than the work
that has been presented in the literature until now. We plan to further study it,
with an emphasis on computational properties of a number of decision problems
sketched in the paragraph above.
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